8 The Overlapping Generations Model

This this section we will discuss the second major workhorse model of mod-
ern macroeconomics, the Overlapping Generations (OLG) model, due to Allais
(1947), Samuelson (1958) and Diamond (1965). The structure of this section
will be as follows: we will ..rst present a basic pure exchange version of the OLG
model, show how to analyze it and contrast its properties with those of a pure
exchange economy with in..nitely lived agents. The basic dicerences are that in
the OLG model

e competitive equilibria may be Pareto suboptimal
e (outside) money may have positive value
e there may exist a continuum of equilibria

e the core of the OLG economy may be empty

We will demonstrate the ..rst three of these properties in detail via exam-
ples and leave the fourth property to further reading. We will then discuss the
Ricardian Equivalence hypothesis (the notion that, given a stream of govern-
ment spending the ..nancing method of the government -taxes or budget de..cits-
does not infuence macroeconomic aggregates) for both the in..nitely lived agent
model as well as the OLG model. Finally we will introduce production into the
OLG model to discuss the notion of dynamic ine®ciency. The ..rst part of this
section will be based on Kehoe (1989), Geanakoplos (1989), the second section
on Barro (1974) and the third section on Diamond (1965). Other good sources
of information include Blanchard and Fischer (1989), chapter 3, Sargent and
Ljungquist, chapter 8 and Azariadis, chapter 11 and 12.

8.1 A Simple Pure Exchange Overlapping Generations Model

Let’s start by repeating the in..nitely lived agent model to which we will compare
the OLG model. Suppose there are I individuals that live forever. There is one
nonstorable consumption good in each period. Individuals order consumption
allocations according to

ui(ei) =Y B17'U(d)
t=1

Note that agents start their lives at ¢ = 1 to make this economy comparable
to the OLG economies studied below. Agents have deterministic endowment
streams e’ = {ei}$°,. Trade takes place at period 0. The standard de..nition of
an Arrow-Debreu equilibrium goes like this:

De..nition 71 A competitive equilibrium are prices {p;}2, and allocations
({¢}520)ier such that
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1. Given {p;}{2,, for all i € I, {¢,}2 solves max..i>qu;(c;) subject to

oo
> pelci—ef) <0
=0

d = eiforallt

i€l i€l

What are the main shortcomings of this model that have lead to the devel-
opment of the OLG model? The ..rst criticism is that individuals apparently do
not live forever, so that a model with ..nitely lived agents is needed. We will see
later that we can give the in..nitely lived agent model an interpretation in which
individuals lived only for a ..nite number of periods, but, by having an altruistic
bequest motive, act so as to maximize the utility of the entire dynasty, which
in eaect makes the planning horizon of the agent in..nite. So in..nite lives in
itself are not as unsatisfactory as it may seem. But if people live forever, they
don’t undergo a life cycle with low-income youth, high income middle ages and
retirement where labor income drops to zero. In the in..nitely lived agent model
every period is like the next (which makes it so useful since this stationarity
renders dynamic programming techniques easily applicable). So in order to an-
alyze issues like social security, the ezect of taxes on retirement decisions, the
distributive exects of taxes vs. government de..cits, the ecects of life-cycle sav-
ing on capital accumulation one needs a model in which agents experience a life
cycle and in which people of dizerent ages live at the same time in the economy.
This is why the OLG model is a very useful tool for applied policy analysis.
Because of its interesting (some say, pathological) theoretical properties, it is
also an area of intense study among economic theorists.

8.1.1 Basic Setup of the Model

Let us describe the model formally now. Time is discrete, t = 1,2,3,... and
the economy (but not its people) lives forever. In each period there is a sin-
gle, nonstorable consumption good. In each time period a new generation (of
measure 1) is born, which we index by its date of birth. People live for two
periods and then die. By (ef,ef, ;) we denote generation ¢’s endowment of the
consumption good in the ..rst and second period of their live and by (¢}, ¢} ;)
we denote the consumption allocation of generation ¢. Hence in time ¢ there are
two generations alive, one old generation ¢ — 1 that has endowment ¢!~* and
consumption ¢!~ and one young generation ¢ that has endowment ¢! and con-
sumption ct. In addition, in period 1 there is an initial old generation 0 that has
endowment ¢ and consumes ¢!. In some of our applications we will endow the
initial generation with an amount of outside money®® m. We will NOT assume

36 Money that is, on net, an asset of the private economy, is “outside money”. This includes
..at currency issued by the government. In contrast, inside money (such as bank deposits) is
both an asset as well as a liability of the private sector (in the case of deposits an asset of the
deposit holder, a liability to the bank).
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m > 0. If m > 0, then m can be interpreted straightforwardly as ..at money,
if m < 0 one should envision the initial old people having borrowed from some
institution (which is, however, outside the model) and m is the amount to be
repaid.

In the next Table 1 we demonstrate the demographic structure of the econ-
omy. Note that there are both an in..nite number of periods as well as well as
an in..nite number of agents in this economy. This “double in..nity” has been
cited to be the major source of the theoretical peculiarities of the OLG model
(prominently by Karl Shell).

Table 1
Time
G 1 2 .t t+1
e |0 (co: €9)
n|1 (cl,e) (e e3)
e |: .
r|t—1 (=1 el
a t (Ciaeg) (C§+176€+1)
t|t-1 (i1, €1

Preferences of individuals are assumed to be representable by an additively
separable utility function of the form

ur(c) = U(cp) + BU(cty1)
and the preferences of the initial old generation is representable by
uo(c) = U(c})

We shall assume that U is strictly increasing, strictly concave and twice contin-
uously dizerentiable. This completes the description of the economy. Note that
we can easily represent this economy in our formal Arrow-Debreu language from
Chapter 7 since it is a standard pure exchange economy with in..nite humber
of agents and the peculiar preference and endowment structure e = 0 for all
s # t,t+1 and w(c) only depending on ¢}, cf, ;. You should complete the formal
representation as a useful homework exercise.
The following de...nitions are straightforward

De..nition 72 An allocation is a sequence c{,{c},cl,,}22;. An allocation is
feasible if ¢!_,,ct >0 forallt > 1 and

M+ =e el forallt>1

An allocation ¢, {(cf, . )}52, is Pareto optimal if it is feasible and if there is
no other feasible allocation &f, {(éf, ¢t ;)}72, such that

Ut(é§76§+1) > Ut(cittv C§+1) for all ¢ > 1
uo(é)) > uo(ey)

with strict inequality for at least one ¢ > 0.
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We now de...ne an equilibrium for this economy in two dicerent ways, depend-
ing on the market structure. Let p; be the price of one unit of the consumption
good at period ¢. In the presence of money (i.e. m # 0) we will take money
to be the numeraire. This is important since we can only normalize the price
of one commoditiy to 1, so with money no further normalizations are admissi-
ble. Of course, without money we are free to normalize the price of one other
commodity. Keep this in mind for later. We now have the following

De..nition 73 Given m, an Arrow-Debreu equilibrium is an allocation ¢7, {(¢f, &, ,)}52,
and prices {p:}°, such that

1. Given {p;}{2,, for each ¢t > 1, (¢}, ¢}, ) solves

t .t
max u(c,c 39
(ct et er)0 t( ts t+1) (39)

s.t. ptCi +pt+1ci+1 < ptei +pt+10§+1 (40)
2. Given py, & solves
max u(c))
c?
st picd < prel +m (41)

3. For all ¢t > 1 (Resource Balance or goods market clearing)

M+ =e"t el forallt>1

As usual within the Arrow-Debreu framework, trading takes place in a hy-
pothetical centralized market place at period 0 (even though the generations are
not born yet).3” There is an alternative de..nition of equilibrium that assumes
sequential trading. Let r.; be the interest rate from period ¢ to period ¢ + 1
and st be the savings of generation ¢ from period ¢ to period ¢ + 1. We will
look at a slightly dizerent form of assets in this section. Previously we dealt
with one-period 10U’s that had price ¢; in period ¢ and paid out one unit of
the consumption good in ¢ + 1 (so-called zero bonds). Now we consider assets
that cost one unit of consumption in period ¢ and deliver 1 + .y units tomor-
row. Equilibria with these two dicerent assets are obviously equivalent to each
other, but the latter speci..cation is easier to interpret if the asset at hand is
..at money.

We de..ne a Sequential Markets (SM) equilibrium as follows:

De..nition 74 Given m, a sequential markets equilibrium is an allocation &7, {(éf, et ,, 81)}72,
and interest rates {r;}$2, such that

37When naming this de..nition after Arrow-Debreu | make reference to the market structure
that is envisioned under this de..nition of equilibrium. Others, including Geanakoplos, refer
to a particular model when talking about Arrow-Debreu, the standard general equilibrium
model encountered in micro with ..nite number of simultaneously living agents. | hope this
does not cause any confusion.
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1. Given {r;}2, for each ¢t > 1, (¢, ¢}, 8}) solves
t .t
max Ue(Cy, C
(ctoct1)20,5% t( v t+1)
st. ¢ +s) <e} (42)
i <€+ (1+re)s (43)

2. Given 71, &) solves

max g (c(l))
cf

st. ) < e+ (1L+r)m

3. For all ¢ > 1 (Resource Balance or goods market clearing)

Gl e =ef e forallt>1 (44)

In this interpretation trade takes place sequentially in spot markets for con-
sumption goods that open in each period. In addition there is an asset market
through which individuals do their saving. Remember that when we wrote down
the sequential formulation of equilibrium for an in..nitely lived consumer model
we had to add a shortsale constraint on borrowing (i.e. s; > —A) in order to
prevent Ponzi schemes, the continuous rolling over of higher and higher debt.
This is not necessary in the OLG model as people live for a ..nite (two) number
of periods (and we, as usual, assume perfect enforceability of contracts)

Given that the period utility function U is strictly increasing, the budget
constraints (42) and (43) hold with equality. Take budget constraint (43) for
generation ¢ and (42) for generation ¢ + 1 and sum them up to obtain

¢ t+1 1t t+1 ¢
Cip1 ¢y 8111 = €pq tepiy + (L+7ig)s

Now use equation (44) to obtain

syt = (14 7re41)s)

Doing the same manipulations for generation 0 and 1 gives
st =(14r)m
and hence, using repeated substitution one obtains
st=T_(1+7)m (45)

This is the market clearing condition for the asset market: the amount of saving
(in terms of the period ¢t consumption good) has to equal the value of the outside
supply of assets, TI¢ _, (1 + r,)m. Strictly speaking one should include condition
(45) in the de..nition of equilibrium. By Walras’ law however, either the asset
market or the good market equilibrium condition is redundant.
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There is an obvious sense in which equilibria for the Arrow-Debreu economy
(with trading at period 0) are equivalent to equilibria for the sequential markets
economy. For 7,1 > —1 combine (42) and (43) into

t C§+1 t €§+1
d+—— =l +
T+7ria T+7ria
Divide (40) by p, > 0 to obtain
¢ + pttl Chpr = € + pttl €li1

Furthermore divide (41) by p; > 0 to obtain

m
c(l)ge(l)—i——
h

We then can straightforwardly prove the following proposition

Proposition 75 Let allocation ¢7, {(¢ef, ¢f,,)}s2, and prices {p;}72, constitute
an Arrow-Debreu equilibrium with p, > 0 for all ¢ > 1. Then there exists a cor-
responding sequential market equilibrium with allocations &}, {(¢}, ¢}, 4, 5%)}2,
and interest rates {r;}?2,with

gt = - lforallt>1
& = éforalt>1

Furthermore, let allocation &7, {(éf, ¢!, ,, §¢)}72, and interest rates {r,}{, con-
stitute a sequential market equilibrium with r; > —1 for all ¢ > 0. Then there ex-
ists a corresponding Arrow-Debreu equilibrium with allocations &, {(cf, ¢f,,)}2,
and prices {p:}$2; such that

gt = - tforallt>1
& = éforalt>1

Proof. The proof is similar to the in..nite horizon counterpart. Given
equilibrium Arrow-Debreu prices {p;}¢2, de..ne interest rates as

Pt
1 +7r 1 = E—
“ Pt+1
1
1+r, = —
Y41

and savings
s=el-él

It is straightforward to verify that the allocations and prices so constructed
constitute a sequential markets equilibrium.
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Given equilibrium sequential markets interest rates {r;}?2, de..ne Arrow-
Debreu prices by

_ 1
o= 147
Pt
Pt 1+7ri

Again it is straightforward to verify that the prices and allocations so con-
structed form an Arrow-Debreu equilibrium. =

Note that the requirement on interest rates is weaker for the OLG version
of this proposition than for the in..nite horizon counterpart. This is due to
the particular speci..cation of the no-Ponzi condition used. A less stringent
condition still ruling out Ponzi schemes would lead to a weaker condtion in the
proposition for the in..nite horizon economy also.

Also note that with this equivalence we have that

M (147 )m =
Dt

so that the asset market clearing condition for the sequential markets economy
can be written as

ptsi =m

i.e. the demand for assets (saving) equals the outside supply of assets, m. Note
that the demanders of the assets are the currently young whereas the suppliers
are the currently old people. From the equivalence we can also see that the
return on the asset (to be interpreted as money) equals

Dt _ #
Pt+1 1+ 7
(I+rg)d+mq) = 1

~

Tt+1 ~  —Tt41

T+ri =

where 7,44 is the intation rate from period ¢ to ¢t + 1. As it should be, the real
return on money equals the negative of the infation rate.

8.1.2 Analysis of the Model Using Orcer Curves

Unless otherwise noted in this subsection we will focus on Arrow-Debreu equilib-
ria. Gale (1973) developed a nice way of analyzing the equilibria of a two-period
OLG economy graphically, using ozer curves. First let us assume that the econ-
omy is stationary in that e} = w; and e}, ; = w», i.e. the endowments are time
invariant. For given p;, p;1 > 0 let by ¢ (ps, pe41) and ¢, (pt, pe+1) denote the
solution to maximizing (39) subject to (40) for all ¢ > 1. Given or assumptions
this solution is unique. Let the excess demand functions y and z be de..ned by

y(pt,ptﬂ) = Ci(ptapt+l) - ei
= Ci(ptvpt+1) — w1
2(pt, Per1) = C§+1(pt7pt+1) — Wa
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These two functions summarize, for given prices, all implications that consumer
optimization has for equilibrium allocations. Note that from the Arrow-Debreu
budget constraint it is obvious that y and z only depend on the ratio %, but
not on p; and p;1; separately (this is nothing else than saying that the excess
demand functions are homogeneous of degree zero in prices, as they should be).
Varying ”;% between 0 and oo (not inclusive) one obtains a locus of optimal
excess demands in (y, z) space, the so called omer curve. Let us denote this
curve as

(v, f(y)) (46)

where it is understood that f can be a correspondence, i.e. multi-valued. A point
on the ozer curve is an optimal excess demand function for some % € (0, 00).
Also note that since cf(ps,pr+1) > 0 and ¢, (pe,pi41) > 0 the oxer curve
obviously satis..es y(p¢, pr+1) > —wy and z(pe, pr41) > —ws. Furthermore, since
the optimal choices obviously satisfy the budget constraint, i.e.

PeyY(Pes Dev1) + Pe412(De, pe41) = 0
2(popr) (a7
y(pt7pt+1) Pt+1

Equation (47) is an equation in the two unknowns (p, p:+1) for a given ¢ > 1.
Obviously (y,z) = (0,0) is on the ozer curve, as for appropriate prices (which
we will determine later) no trade is the optimal trading strategy. Equation (47)
is very useful in that for a given point on the ocer curve (y(ps, pr+1), 2(Pt, Pr+1))
in y-z space with y(p:, pr+1) # 0 we can immediately read o= the price ratio at
which these are the optimal demands. Draw a straight line through the point
(y, z) and the origin; the slope of that line equals —pf;. One should also note
that if y(p:, pe11) IS negative, then z(p:, pe11) is positive and vice versa. Let’s
look at an example

Example 76 Let wy = ¢, wy = 1 — ¢, with ¢ > 0. Also let U(c) = In(c) and
G = 1. Then the ..rst order conditions imply

Ptci = pt+10§+1 (48)
and the optimal consumption choices are
1
dpe) = 3 (c+220-0) (49)
bt
L(p
(Pt pr1) = B <—t€ + (1 - 5)) (50)
Pt+1
the excess demands are given by
1
vem) = g (B2a-0-e) )
Dbt
1
2(pts prv1) = 3 ( Do (1 —5)) (52)
Pt+1
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Figure 8:

Note that as % € (0,00) varies, y varies between —5 and oo and z varies

between ——(155) and oo. Solving z as a function of y by eliminating —”;1 yields
e(l—e) 1-—¢ €

= - for —= 53

T ayt2e 2 ye (=50 (53)

This is the ozer curve (y, z) = (y, f(y)). We draw the ozer curve in Figure 8

The discussion of the orer curve takes care of the ..rst part of the equilibrium
de..nition, namely optimality. It is straightforward to express goods market
clearing in terms of excess demand functions as

Y(pt, Pet1) + 2(pe—1,p¢) =0 (54)

Also note that for the initial old generation the excess demand function is given
by

m
20(\p1,m) = —
( ) b1
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so that the goods market equilibrium condition for the ..rst period reads as

y(p1,p2) + 20(p1,m) =0 (55)

Graphically in (y, z)-space equations (54) and (55) are straight lines through the
origin with slope —1. All points on this line are resource feasible. We therefore
have the following procedure to ..nd equilibria for this economy for a given initial
endowment of money m of the initial old generation, using the oger curve (46)
and the resource feasibility constraints (54) and (55).

1. Pick an initial price p; (note that this is NOT a normalization as in the
in..nitely lived agent model since the value of p; determines the real value
of money pﬂl the initial old generation is endowed with; we have already
normailzed the price of money). Hence we know zo(p1, m). From (55) this
determines y(p1, p2).

2. From the ower curve (46) we determine z(p1,p2) € f(y(p1,p2)). Note that
if f is a correspondence then there are multiple choices for z.

3. Once we know z(p1,p2), from (54) we can ..nd y(p2,ps) and so forth. In
this way we determine the entire equilibrium consumption allocation

= z(p1,m)+ ws
& = Yy pi1) +wr
C€+1 = 2(pt,pe41) + wo

4. Equilibrium prices can then be found, given p; from equation (47). Any
initial p; that induces, in such a way, sequences ¢, {(c}, ¢{, ), p:}52, such
that the consumption sequence satis..es ci=*, ¢t > 0 is an equilibrium
for given money stock. This already indicates the possibility of a lot of

equilibria for this model, a fact that we will demonstrate below.

This algorithm can be demonstrated graphically using the ozer curve dia-
gram. We add the line representing goods market clearing, equation (54). In
the (y, z)-plane this is a straight line through the origin with slope —1. This line
intersects the ozer curve at least once, namely at the origin. Unless we have
the degenerate situation that the ozer curve has slope —1 at the origin, there is
(at least) one other intersection of the ozer curve with the goods clearing line.
These intersection will have special signi..cance as they will represent stationary
equilibria. As we will see, there is a load of other equilibria as well. We will ...rst
describe the graphical procedure in general and then look at some examples.
See Figure 9.

Given any m (for concreteness let m > 0) pick p; > 0. This determines
zg =7+ > 0. Find this quantity on the z-axis, representing the excess demand
of the initial old generation. From this point on the z-axis go horizontally to
the goods market line, from there down to the y-axis. The point on the y-axis
represents the excess demand function of generation 1 when young. From this
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Figure 9:
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point y1 = y(p1,p2) go vertically to the owzer curve, then horizontally to the
z-axis. The resulting point z; = z(p1, p2) is the excess demand of generation 1
when old. Then back horizontally to the goods market clearing condition and
down yields y> = y(p2, p3), the excess demand for the second generation and so
on. This way the entire equilibrium consumption allocation can be constructed.
Equilibrium prices are easily found from equilibrium allocations with (47), given
p1. In such a way we construct an entire equilibrium graphically.
Let’s now look at some example.

Example 77 Reconsider the example with isoelastic utility above. We found
the orer curve to be

275(175)7175
4y +2¢ 2

for y € (f%,oo)

The goods market equilibrium condition is
y+z2=0

Now let’s construct an equilibrium for the case m = 0, for zero supply of outside
money. Following the procedure outlined above we ..rst ..nd the excess demand
function for the initial old generation zy(m,p;) = 0 for all p; > 0. Then from
goods market y(p1,p2) = —z0(m, p1) = 0. From the orer curve

e(l—e) 1—¢
4y(p1,p2) +2¢ 2
e(l—e) 1-—¢

2% 2
= 0

Z(phpz) =

and continuing we ..nd z(ps, pe41) = y(pt, pe+1) = 0 for all ¢ > 1. This implies
that the equilibrium allocation is ¢! =1 — ¢, ¢! = e. In this equilibrium every
consumer eats his endowment in each period and no trade between generations
takes place. We call this equilibrium the autarkic equilibrium. Obviously we
can't determine equilibrium prices from equation (47). However, the ..rst order
conditions imply that

Pt+1 < €

bt cly1 l—e
For m = 0 we can, without loss of generality, normalize the price of the ..rst
period consumption good p; = 1. Note again that only for m = 0 this normaliza-
tion is innocuous, since it does not change the real value of the stock of outside
money that the initial old generation is endowed with. With this normalization
the sequence {p;}$2, de..ned as

t—1
_ €
pt = <1 E)

118




together with the autarkic allocation form an (Arrow-Debreu)-equilibrium. Ob-
viously any other price sequence {p.} with p; = ap; for any o > 1, is also
an equilibrium price sequence supporting the autarkic allocation as equilibrium.
This is not, however, what we mean by the possibility of a continuum of equilib-
ria in OLG-model, but rather the usual feature of standard competitive equilibria
that the equilibrium prices are only determined up to one normalization. In fact,
for this example with m = 0, the autarkic equilibrium is the unique equilibrium
for this economy.38 This is easily seen. Since the initial old generation has no
money, only its endowments 1—¢, there is no way for them to consume more than
their endowments. Obviously they can always assure to consume at least their
endowments by not trading, and that is what they do for any p; > 0 (obviously
p1 < 0 is not possible in equilibrium). But then from the resource constraint
it follows that the ..rst young generation must consume their endowments when
young. Since they haven't saved anything, the best they can do when old is to
consume their endowment again. But then the next young generation is forced
to consume their endowments and so forth. Trade breaks down completely. For
this allocation to be an equilibrium prices must be such that at these prices all
generations actually ..nd it optimal not to trade, which yields the prices below.2°

Note that in the picture the second intersection of the ozer curve with the
resource constraint (the ..rst is at the origin) occurs in the forth orthant. This
need not be the case. If the slope of the ozer curve at the origin is less than one,
we obtain the picture above, if the slope is bigger than one, then the second
intersection occurs in the second orthant. Let us distinguish between these
two cases more carefully. In general, the price ratio supporting the autarkic
equilibrium satis...es

P U'er) _ U'(w)

Pt+1 B ﬁU’(eiﬂ) B BU’ (w2)

and this ratio represents the slope of the ozer curve at the origin. With this
in mind de..ne the autarkic interest rate (remember our equivalence result from

38The fact that the autarkic is the only equilibrium is speci..c to pure exchange OLG-models
with agents living for only two periods. Therefore Samuelson (1958) considered three-period
lived agents for most of his analysis.

391f you look at Sargent and Ljungquist (1999), Chapter 8, you will see that they claim to
construct several equilibria for exactly this example. Note, however, that their equilibrium
de..nition has as feasibility constraint

t—1 & o t—1_ _t
c e <el T te

and all the equilibria apart from the autarkic one constructed above have the feature that for
t=1

C(l)+c%<e(1)+e%

which violate feasibility in the way we have de..ned it. Personally | ..nd the free disposal
assumption not satisfactory; it makes, however, their life easier in some of the examples to
follow, whereas in my discussion | need more handwaving. You'll see.
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above) as

__ U'(w)
brr= pu’ (wz)

Gale (1973) has invented the following terminology: when 7 < 0 he calls this
the Samueson case, whereas when 7 > 0 he calls this the classical case.*? As it
will turn out and will be demonstrated below autarkic equilibria are not Pareto
optimal in the Samuelson case whereas they are in the classical case.

8.1.3 Ineccient Equilibria

The preceding example can also serve to demonstrate our ..rst major feature of
OLG economies that sets it apart from the standard in..nitely lived consumer
model with ..nite number of agents: competitive equilibria may be not be Pareto
optimal. For economies like the one de..ned at the beginning of the section the
two welfare theorems were proved and hence equilibria are Pareto optimal. Now
let’s see that the equilibrium constructed above for the OLG model may not be.

Note that in the economy above the aggregate endowment equals to 1 in
each period. Also note that then the value of the aggregate endowment at the
equilibrium prices, given by >".°, p;. Obviously, if ¢ < 0.5, then this sum con-
verges and the value of the aggregate endowment is ..nite, whereas if ¢ > 0.5,
then the value of the aggregate endowment is in..nite. Whether the value of the
aggregate endowment is in..nite has profound implications for the welfare prop-
erties of the competitive equilibrium. In particular, using a similar argument
as in the standard proof of the ..rst welfare theorem you can show (and will
do so in the homework) that if ", p; < oo, then the competitive equilibrium
allocation for this economy (and in general for any pure exchange OLG econ-
omy) is Pareto-eCcient. If, however, the value of the aggregate endowment is
in..nite (at the equilibrium prices), then the competitive equilibrium MAY not
be Pareto optimal. In our current example it turns out that if ¢ > 0.5, then
the autarkic equilibrium is not Pareto e€cient, whereas if ¢ = 0.5 it is. Since
interest rates are de..ned as

Dt
Pt+1

—1

Tt41 =

£<0.5 implies 7,11 = 1== — 1 = 1 — 2. Hence ¢ < 0.5 implies 7,41 > 0 (the
classical case) and ¢ > 0.5 implies r;,1 < 0. (the Samuelson case). IneGciency

40More generally, the Samuelson case is de..ned by the condition that savings of the young
generation be positive at an interest rate equal to the population growth rate n. So far we
have assumed n = 0, so the Samuelson case requires saving to be positive at zero interest rate.
We stated the condition as 7 < 0. But if the interest rate at which the young don’t save (the
autarkic allocation) is smaller than zero, then at the higher interest rate of zero they will save
a positive amount, so that we can de..ne the Samuelson case as in the text, provided that
savings are strictly increasing in the interest rate. This in turn requires the assumption that
..rst and second period consumption are strict gross substitutes, so that the ozer curve is not
backward-bending. In the homework you will encounter an example in which this assumption
is not satis..ed.
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is therefore associated with low (negative interest rates). In fact, Balasko and
Shell (1980) show that the autarkic equilibrium is Pareto optimal if and only if

where {r;,1} is the sequence of autarkic equilibrium interest rates.** Obviously
the above equation is satis..ed if and only if ¢ < 0.5.

Let us briety demonstrate the ..rst claim (a more careful discussion is left
for the homework). To show that for £ > 0.5 the autarkic allocation (which is
the unique equilibrium allocation) is not Pareto optimal it is su¢cient to ..nd
another feasible allocation that Pareto-dominates it. Let’s do this graphically in
Figure 10. The autarkic allocation is represented by the origin (excess demand
functions equal zero). Consider an alternative allocation represented by the
intersection of the omer curve and the resource constraint. We want to argue
that this point Pareto dominates the autarkic allocation. First consider an
arbitrary generation ¢t > 1. Note that the indiserence curve through any point
must lie (locally) to the inside of the ower curve. From (47) we saw that the
price ratio pﬁl at which a point on the ozer curve is the optimal choice is a
line through the origin and through the point of question. This line represents
nothing else but the budget line at the price ratio 5%. Since the point on the
ozer curve is utility maximizing choices given the prices the indicerence curve
through the point must lie tangent above the line through the point and the
origin. Any other point on this line (including the origin) must be weakly worse

41Rather than a formal proof (which is quite involved), let’s develop some intuition for why
low interest rates are associated with ineCciency. Take the autarkic allocation and try to
construct a Pareto improvement. In particular, give additional o > 0 units of consumption
to the initial old generation. This obviously improves this generation’s life. From resource
feasibilty this requires taking away 6o from generation 1 in their ..rst period of life. To make
them not worse of they have to recieve §; in additional consumption in their second period of
life, with 61 satisfying

60U’ (e1) = 618U (e3)
or
BU’ (e3)
CU(ed)
bo(L+17r2) >0

61

and in general

t
6t = 6o H (T4 rrg1)

T=1

are the required transfers in the second period of generation ¢’s life to compensate for the
reduction of ..rst period consumption. Obviously such a scheme does not work if the economy
ends at ..ne time 7T since the last generation (that lives only through youth) is worse oa. But
as our economy extends forever, such an intergenerational transfer scheme is feasible provided
that the 6, don’t grow too fast, i.e. if interest rates are su¢ciently small. But if such a transfer
scheme is feasible, then we found a Pareto improvement over the original autarkic allocation,
and hence the autarkic equilibrium allocation is not Pareto e¢cient.
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than this point at given prices 5%. If we take p; = ps11 this demonstrates that
the alternative point (which is both on the ozer curve as well as the resource
constraint, the line with slope -1) is at least as good as the autarkic allocation
for all generations ¢ > 1. What about the initial old generation? In the autarkic
allocation it has ¢! = 1 — ¢, or 2y = 0. In the new allocation it has 2y > 0
as shown in the ..gure, so the initial old generation is strictly better o= in this
new allocation. Hence the alternative allocation Pareto-dominates the autarkic
equilibrium allocation, which shows that this allocation is not Pareto-optimal.
In the homework you are asked to make this argument rigorous by actually
computing the alternative allocation and then arguing that it Pareto-dominates
the autarkic equilibrium.

What in our graphical argument hinges on the assumption that ¢ > 0.5.
Remember that for ¢ < 0.5 we have said that the autarkic allocation is actually
Pareto optimal. It turns out that for ¢ < 0.5, the intersection of the resource
constraint and the owrer curve lies in the fourth orthant instead of in the second
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as in Figure 10. It is still the case that every generation ¢ > 1 at least weakly
prefers the alternative to the autarkic allocation. Now, however, this alternative
allocation has 2z, < 0, which makes the initial old generation worse o= than in
the autarkic allocation, so that the argument does not work. Finally, for e = 0.5
we have the degenerate situation that the slope of the ozer curve at the origin is
—1, so that the ozer curve is tangent to the resource line and there is no second
intersection. Again the argument does not work and we can’t argue that the
autarkic allocation is not Pareto optimal. It is an interesting optional exercise
to show that for ¢ = 0.5 the autarkic allocation is Pareto optimal.

Now we want to demonstrate the second and third feature of OLG models
that set it apart from standard Arrow-Debreu economies, namely the possibility
of a continuum of equilibria and the fact that outside money may have positive
value. We will see that, given the way we have de..ned our equilibria, these
two issues are intimately linked. So now let us suppose that m # 0. In our
discussion we will assume that m > 0, the situation for m < 0 is symmetric. We
..rst want to argue that for m > 0 the economy has a continuum of equilibria,
not of the trivial sort that only prices dicer by a constant, but that allocations
dizer across equilibria. Let us ..rst look at equilibria that are stationary in the
following sense:

De..nition 78 An equilibrium is stationary if ¢; ! = ¢°, ¢f = ¢¥ and 22 = q,
where a is a constant.

Given that we made the assumption that each generation has the same en-
dowment structure a stationary equilibrium necessarily has to satisfy y(p:, pt+1) =
y, zo(m,p1) = z(pt,pry+1) = z for all ¢ > 1. From our ozer curve diagram the
only candidates are the autarkic equilibrium (the origin) and any other alloca-
tions represented by intersections of the ozer curve and the resource line. We
will discuss the possibility of an autarkic equilibrium with money later. With
respect to other stationary equilibria, they all have to have prices ”;% =1, with
p1 such that (ﬁ, —ﬁ) is on the ower curve. For our previous example, for any
m #% 0 we ..nd the stationary equilibrium by solving for the intersection of ozer
curve and resource line

y+z = 0
_ e(l-g) 1--¢
4y 42 2

This yields a second order polynomial in y
_e(l-g) 1-¢

Y= 4yt 2e 2

whose one solution is y = 0 (the autarkic allocation) and the other solution is

Y= % —¢, 50 that z = —% + €. Hence the corresponding consumption allocation
has
t—1 t 1
c :ctzaforalltzl
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In order for this to be an equilibrium we need

- = 1-¢ +—
5 ={@=e)+ -

hence p; = ¢
only exists for m > 0 and ¢ > 0.5 or m < 0 and € < 0.5. Also note that
the choice of p; is not a matter of normalization: any multiple of p; will not
yield a stationary equilibrium. The equilibrium prices supporting the stationary
allocation have p; = p; for all ¢ > 1. Finally note that this equilibrium, since
it features 2L = 1, has an infation rate of ;.1 = —r; 1 = 0. It is exactly
this equnlbrlum aIIocatlon that we used to prove that, for £ > 0.5, the autarkic
equilibrium is not Pareto-eCcient.

How about the autarkic allocation? Obviously it is stationary as ¢! ' = 1—¢
and ¢! = ¢ for all ¢ > 1. But can it be made into an equilibrium if m # 0. If we
look at the sequential markets equilibrium de..nition there is no problem: the
budget constraint of the initial old generation reads

A=1-c+1+r)m

So we need r; = —1. For all other generations the same arguments as without
1

money apply and the interest sequence satisfying ry = —1, ry41 = == — 1
for all ¢ > 1, together with the autarkic allocation forms a sequential market
equilibrium. In this equilibrium the stock of outside money, m, is not valued:
the initial old don’t get any goods in exchange for it and future generations
are not willing to ever exchange goods for money, which results in the autarkic,
no-trade situation. To make autarky an Arrow-Debreu equilibrium is a bit more

problematic. Again from the budget constraint of the initial old we ..nd

A=1-¢c+ =
P
which, for autarky to be an equilibrium requires p; = oo, i.e. the price level is
so high in the ..rst period that the stock of money de facto has no value. Since
for all other periods we need ”;“ = -5 to support the autarkic allocation, we
have the obscure requirement that we need price levels to be in..nite with well-
de..ned ..nite price ratios. This is unsatisfactory, but there is no way around it
unless we a) change the equilibrium de..nition (see Sargent and Ljungquist) or
b) let the economy extend from the in..nite past to the in..nite future (instead
of starting with an initial old generation, see Geanakoplos) or c) treat money
somewhat as a residual, as something almost endogenous (see Kehoe) or d) make
some consumption good rather than money the numeraire (with nonmonetary
equilibria corresponding to situations in which money has a price of zero in terms
of real consumption goods). For now we will accept autarky as an equilibrium
even with money and we will treat it as identical to the autarkic equilibrium
without money (because indeed in the sequential markets formulation only r;
changes and in the Arrow Debreu formulation only p; changes, although in an
unsatisfactory fashion).
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8.1.4 Positive Valuation of Outside Money

In our construction of the nonautarkic stationary equilibrium we have already
demonstrated our second main result of OLG models: outside money may have
positive value. In that equilibrium the initial old had endowment 1 — ¢ but
consumed ¢} = % If e > %, then the stock of outside money, m, is valued in
equilibrium in that the old guys can exchange m pieces of intrinsically worthless
paper for pﬂl > 0 units of period 1 consumption goods.*?> The currently young
generation accepts to transfer some of their endowment to the old people for
pieces of paper because they expect (correctly so, in equilibrium) to exchange
these pieces of paper against consumption goods when they are old, and hence
to achieve an intertemporal allocation of consumption goods that dominates
the autarkic allocation. Without the outside asset, again, this economy can do
nothing else but remain in the possibly dismal state of autarky (imagine ¢ =1
and log-utility). This is why the social contrivance of money is so useful in this
economy. As we will see later, other institutions (for example a pay-as-you-go
social security system) may achieve the same as money.

Before we demonstrate that, apart from stationary equilibria (two in the
example, usually at least only a ..nite number) there may be a continuum of
other, nonstationary equilibria we take a little digression to show for the general
in..nitely lived agent endowment economies set out at the beginning of this
section money cannot have positive value in equilibrium.

Proposition 79 In pure exchange economies with a ..nite number of in..nitely
lived agents there cannot be an equilibrium in which outside money is valued.

Proof. Suppose, to the contrary, that there is an equilibrium {(¢);er 22, {p: 152,
for initial endowments of outside money (m");c; such that 3., m’ # 0. Given
the assumption of local nonsatiation each consumer in equilibrium satis...es the
Arrow-Debreu budget constraint with equality

oo
Zﬁtéi = Zﬁtei +m' < oo
t=1 t=1
Summing over all individuals i € I yields
D pe) (H—ep) =) m'
t=1 iel iel
But resource feasibility requires 3, , (& — ei) =0 for all ¢ > 1 and hence

Zmi:O

iel

42In ..nance lingo money in this equilibrium is a “bubble”. The fundamental value of an
assets is the value of its dividends, evaluated at the equilibrium Arrow-Debreu prices. An
asset is (or has) a bubble if its price does not equal its fundamental value. Obviuosly, since
money doesn’t pay dividends, its fundamental value is zero and the fact that it is valued
positively in equilibrium makes it a bubble.
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a contradiction. This shows that there cannot exist an equilibrium in this type
of economy in which outside money is valued in equilibrium. Note that this
result applies to a much wider class of standard Arrow-Debreu economies than
just the pure exchange economies considered in this section. m

Hence we have established the second major dicerence between the standard
Arrow-Debreu general equilibrium model and the OLG model.

8.1.5 Continuum of Equilibria

We will now go ahead and demonstrate the third major dicerence, the possibility
of a whole continuum of equilibria in OLG models. We will restrict ourselves to
the speci..c example. Again suppose m > 0 and ¢ > 0.5.43 For any p; such that
o <e— % > 0 we can construct an equilibrium using our geometric method
gefore. From the picture it is clear that all these equilibria have the feature
that the equilibrium allocations over time converge to the autarkic allocation,
With 29 > 21 > 20 > ...z > 0and limy_,oo 2: =0and 0 > y; > ...y2 > 11 With
lim;_, o y: = 0. We also see from the ..gure that, since the ozer curve lies below
the -45°-line for the part we are concerned with that % <1land pfﬁ < % <
R ”—; < 1, implying that prices are increasing with lim;_ ., p; = oco. Hence
all the nonstationary equilibria feature infation, although the intation rate is
bounded above by 7o, = —ro =1— 1= =2—1> 0. The real value of money,
however, declines to zero in the Iimit.484 Note that, although all nonstationary
equilibria so constructed in the limit converge to the same allocation (autarky),
they dizer in the sense that at any ..nite ¢, the consumption allocations and price
ratios (and levels) dicer across equilibria. Hence there is an entire continuum of
equilibria, indexed by p1 € (255, 00). These equilibria are arbitrarily close to
each other. This is again in stark contrast to standard Arrow-Debreu economies
where, generically, the set of equilibria is ..nite and all equilibria are locally
unique.*® For details consult Debreu (1970) and the references therein.

Note that, if we are in the Samuelson case 7 < 0, then (and only then)
all these equilibria are Pareto-ranked.*® Let the equilibria be indexed by p;.
One can show, by similar arguments that demonstrated that the autarkic equi-
librium is not Pareto optimal, that these equilibria are Pareto-ranked: let

p1,P1 € (Zgg,00) With p; > p1, then the equilibrium corresponding to p;

43You should verify that if e < 0.5, then # > 0 and the only equilibrium with m > 0 is
the autarkic equilibrium in which money has no value. All other possible equilibrium paths
eventually violate nonnegativity of consumption.

44But only in the limit. It is crucial that the real value of money is not zero at ..nite ¢,
since with perfect foresight as in this model generation ¢ would anticipate the fact that money
would lose all its value, would not accept it from generation ¢ — 1 and all monetary equilibria
would unravel, with only the autarkic euqilibrium surviving.

45Generically in this context means, for almost all endowments, i.e. the set of possible values
for the endowments for which this statement does not hold is of measure zero. Local uniquenes
means that in for every equilibrium price vector there exists e such that any e-neighborhood
of the price vector does not contain another equilibrium price vector (apart from the trivial
ones involving a dicerent normalization).

46 Again we require the assumption that consumption in the ..rst and the second period are
strict gross substitutes, ruling out backward-bending o=er curves.
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Pareto-dominates the equilibrium indexed by p;. By the same token, the only
Pareto optimal equilibrium allocation is the nonautarkic stationary monetary
equilibrium.

8.1.6 Productive Outside Assets

We have seen that with a positive supply of an outside asset with no intrinsic
value, m > 0, then in the Samuelson case (for which the slope of the ozer curve
is smaller than one at the autarkic allocation) we have a continuum of equilibria.
Now suppose that, instead of being endowed with intrinsically useless pieces of
paper the initial old are endowed with a Lucas tree that yields dividends d > 0
in terms of the consumption good in each period. In a lot of ways this economy
seems a lot like the previous one with money. So it should have the same number
and types of equilibria!? The de...nition of equilibrium (we will focus on Arrow-
Debreu equilibria) remains the same, apart from the resource constraint which
now reads

t—1 t t—1 t
¢ e =e " +e+d

and the budget constraint of the initial old generation which now reads

o0
pic) <prel +d Y ps
t=1

Let’s analyze this economy using our standard techniques. The ozer curve
remains completely unchanged, but the resource line shifts to the right, now
goes through the points (y,z) = (1,0) and (y,z) = (0,1). Let’s look at Figure
11.

It appears that, as in the case with money m > 0 there are two stationary and
a continuum of nonstationary equilibria. The point (31, z0) on the ozer curve
indeed represents a stationary equilibrium. Note that the constant equilibrium
price ratio satis...es pf—il = a > 1 (just draw a ray through the origin and the

point and compare with the slope of the resource constraint which is —1). Hence

we have, after normalization of p; = 1, p; = (é)t_1 and therefore the value of

the Lucas tree in the ..rst period equals
o] 1 t—1
d; <a) < o0
How about the other intersection of the resource line with the omer curve,

(y1,2)? Note that in this hypothetical stationary equilibrium ;:% =v<1,5s0

t—1
that p, = (4 p1. Hence the period 0 value of the Lucas tree is in..nite and
v

the consumption of the initial old exceed the resources available in the economy
in period 1. This obviously cannot be an equilibrium. Similarly all equilibrium
paths starting at some point z{/ converge to this stationary point, so for all
hypothetical nonstationary equilibria we have ;t% < 1 for ¢ large enough and
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again the value of the Lucas tree remains unbounded, and these paths cannot
be equilibrium paths either. We conclude that in this economy there exists a
unique equilibrium, which, by the way, is Pareto optimal.

This example demonstrates that it is not the existence of a long-lived outside
asset that is responsible for the existence of a continuum of equilibria. What is
the dizerence? In all monetary equilibria apart from the stationary nonautarkic
equilibrium (which exists for the Lucas tree economy, too) the price level goes
to in..nity, as in the hypothetical Lucas tree equilibria that turned out not to
be equilibria. What is crucial is that money is intrinsically useless and does
not generate real stua so that it is possible in equilibrium that prices explode,
but the real value of the dividends remains bounded. Also note that we were
to introduce a Lucas tree with negative dividends (the initial old generation is
an eternal slave, say, of the government and has to come up with d in every
period to be used for government consumption), then the existence of the whole
continuum of equilibria is restored.

8.1.7 Endogenous Cycles

Not only is there a possibility of a continuum of equilibria in the basic OLG-
model, but these equilibria need not take the monotonic form described above.
Instead, equilibria with cycles are possible. In Figure 12 we have drawn an ocer
curve that is backward bending. In the homework you will see an example of
preferences that yields such a backward bending ozer curve, for a rather normal
utility function.

Let m > 0 and let p; be such that 2z, = ;71_? Using our geometric approach
we .nd y; = y(p1,p2) from the resource line, z; = z(p1,p2) from the ozer
curve (ignore for the moment the fact that there are several z; will do; this
merely indicates that the multiplicity of equilibria is of even higher order than
previously demonstrated). From the resource line we ..nd y2 = y(p2,ps) and
from the ower curve zo = z(p2, p3) = zo. After period ¢t = 2 the economy repeats
the cycle from the ..rst two periods. The equilibrium allocation is of the form

i1 ¢ = 2y — wy, for t odd
Cy = oh
c®" = z1 — wo for t even
] e =y, —w; for t odd
G = yh
¥ = yo — wq for t even

with ¢ < ¢, c¥ < cvh. Prices satisfy

pt o’ for ¢ odd

Dea1 o! for t even

- I 7l < 0 for ¢ odd
BT LT b s 0 for ¢ even

Consumption of generations fuctuates in a two period cycle, with odd genera-
tions eating little when young and a lot when old and even generations having
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the reverse pattern. Equilibrium returns on money (infation rates) fuctuate,
too, with returns from odd to even periods being high (low intation) and returns
being low (high infation) from even to odd periods. Note that these cycles are
purely endogenous in the sense that the environment is completely stationary:
nothing distinguishes odd and even periods in terms of endowments, prefer-
ences of people alive or the number of people. It is not surprising that some
economists have taken this feature of OLG models to be the basis of a theory
of endogenous business cycles (see, for example, Grandmont (1985)). Also note
that it is not particularly di€cult to construct cycles of length bigger than 2
periods.

8.1.8 Social Security and Population Growth

The pure exchange OLG model renders itself nicely to a discussion of a pay-
as-you-go social security system. It also prepares us for the more complicated
discussion of the same issue once we have introduced capital accumulation.
Consider the simple model without money (i.e. m = 0). Also now assume that
the population is growing at constant rate n, so that for each old person in a
given period there are (1 + n) young people around. De..nitions of equilibria
remain unchanged, apart from resource feasibility that now reads

i+ (L+n)cf = e+ (1+n)e
or, in terms of excess demands

2(pt—1,p¢) + (1L +n)y(pe, pey1) =0

This economy can be analyzed in exactly the same way as before with noticing
that in our oxer curve diagram the slope of the resource line is not —1 anymore,
but —(1 4+ n). We know from above that, without any government intervention,
the unique equilibrium in this case is the autarkic equilibrium. We now want
to analyze under what conditions the introduction of a pay-as-you-go social
security system in period 1 (or any other date) is welfare-improving. We again
assume stationary endowments e} = w; and e}, = w, for all ¢. The social
security system is modeled as follows: the young pay social security taxes of
7 € [0,w1) and receive social security bene..ts b when old. We assume that the
social security system balances its budget in each period, so that bene..ts are
given by

b=1(1+n)

Obviously the new unique competitive equilibrium is again autarkic with en-
dowments (wy — 7, w2 + 7(1 + n)) and equilibrium interest rates satisfy

U’(w1 - 7')
BU (wa + 7(1+n))

Obviously for any = > 0, the initial old generation receives a windfall transfer
of 7(1 +n) > 0 and hence unambiguously bene..ts from the introduction. For

1+7"t+1:1+7":
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all other generations, de..ne the equilibrium lifetime utility, as a function of the
social security system, as

V(r)=U(w —7) + U (w2 + 7(1 + n))

The introduction of a small social security system is welfare improving if and
only if V'(7), evaluated at 7 = 0, is positive. But

Vi(r) = =U'(wi = 7)+BU (wa +7(1+n))(1+n)
V/(0) = —U'(w)+ U (wa)(1 +n)

Hence V’(0) > 0 if and only if

U/(w1) _
" )
where 7 is the autarkic interest rate. Hence the introduction of a (marginal)
pay-as-you-go social security system is welfare improving if and only if the pop-
ulation growth rate exceeds the equilibrium (autarkic) interest rate, or, to use
our previous terminology, if we are in the Samuelson case where autarky is not
a Pareto optimal allocation. Note that social security has the same function as
money in our economy: it is a social institution that transfers resources between
generations (backward in time) that do not trade among each other in equilib-
rium. In enhancing intergenerational exchange not provided by the market it
may generate allocations that are Pareto superior to the autarkic allocation, in
the case in which individuals private marginal rate of substitution 1 + 7 (at the
autarkic allocation) falls short of the social intertemporal rate of transformation
1+n.

If n > 7 we can solve for optimal sizes of the social security system analyti-
cally in special cases. Remember that for the case with positive money supply
m > 0 but no social security system the unique Pareto optimal allocation was
the nonautarkic stationary allocation. Using similar arguments we can show
that the sizes of the social security system for which the resulting equilibrium
allocation is Pareto optimal is such that the resulting autarkic equilibrium in-
terest rate is at least equal to the population growth rate, or

U(wy — 1)
L n S S s + 71 1))

For the case in which the period utility function is of logarithmic form this yields

wg +7(1+n)
1+n 75(101*7)
g wy
T =z

116 A+0+n) 7" (w1, w2, )

Note that 7* is the unique size of the social security system that maximizes the
lifetime utility of the representative generation. For any smaller size we could
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marginally increase the size and make the representative generation better o=
and increase the windfall transfers to the initial old. Note, however, that any
T > 7* satisfying 7 < w; generates a Pareto optimal allocation, too: the repre-
sentative generation would be better oo with a smaller system, but the initial old
generation would be worse oa. This again demonstrates the weak requirements
that Pareto optimality puts on an allocation. Also note that the “optimal” size
of social security is an increasing function of ..rst period income w;, the popu-
lation growth rate n and the time discount factor 3, and a decreasing function
of the second period income ws.

So far we have assumed that the government sustains the social security
system by forcing people to participate.*’” Now we briety describe how such
a system may come about if policy is determined endogenously. We make the
following assumptions. The initial old people can decide upon the size of the
social security system 7 = 7** > 0. In each period ¢ > 1 there is a majority
vote as to whether the current system is to be kept or abolished. If the majority
of the population in period ¢ favors the abolishment of the system, then 7, =0
and no payroll taxes or social security bene..ts are paid. If the vote is in favor
of the system, then the young pay taxes 7** and the old receive (1 4+ n)7**.
We assume that n > 0, so the current young generation determines current
policy. Since current voting behavior depends on expectations about voting
behavior of future generations we have to specify how expectations about the
voting behavior of future generations is determined. We assume the following
expectations mechanism (see Cooley and Soares (1999) for a more detailed dis-
cussion of justi..cations as well as shortcomings for this speci..cation of forming
expectations):

P B | e

Tt41 = { 0 otherwise (56)
that is, if young individuals at period ¢ voted down the original social security
system then they expect that a newly proposed social security system will be
voted down tomorrow. Expectations are rational if 7§ = 7, for all ¢. Let 7 =
{r¢}2, be an arbitrary sequence of policies that is feasible (i.e. satis.es 7; €

[07 wl))

De...nition 80 A rational expectations politico-economic equilibrium, given our
expectations mechanism is an allocation rule &9(7), {(¢}(7),él. (7))}, price rule
{p+(7)} and policies {#;} such that*®

1. for all ¢t > 1, for all feasible 7, and given {p.(7)},

(é’;,c’éﬂ) € arg max V(7 Te) =U(ch) + ﬂU(c’éH)
(cfrefp1)=0

st pct +peyiciir < pe (Wi — Te) + P (o + (L+n)Te41)

47This section is not based on any reference, but rather my own thoughts. Please be aware
of this and read with caution.
48The dependence of allocations and prices on 7 is implicit from now on.
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2. for all feasible 7, and given {p:(7)},
) —_ 770,90
¢ € arg f@lg}é V(ro,71) =U(q})

st.pid] < pi(we + (L+n)m)

AP+ (14 n)d = w4+ (1 +n)uy

4. Forallt>1

7o €arg max VI(0,7¢1)

where 7¢, ; is determined according to (56)

5.
To € arg max V(0,7
To € arg max (0,71)
6. Forallt>1
T;i:%t

Conditions 1-3 are the standard economic equilibrium conditions for any
arbitrary sequence of social security taxes. Condition 4 says that all agents of
generation ¢ > 1 vote rationally and sincerely, given the expectations mechanism
speci..ed. Condition 5 says that the initial old generation implements the best
possible social security system (for themselves). Note the constraint that the
initial generation faces in its maximization: if it picks 6 too high, the ..rst regular
generation (see condition 4) may ..nd it in its interest to vote the system down.
Finally the last condition requires rational expectations with respect to the
formation of policy expectations.

Political equilibria are in general very hard to solve unless one makes the
economic equilibrium problem easy, assumes simple voting rules and simpli..es
as much as possible the expectations formation process. | tried to do all of the
above for our discussion. So let ..nd an (the!) political economic equilibrium.
First notice that for any policy the equilibrium allocation will be autarky since
there is no outside asset. Hence we have as equilibrium allocations and prices
for a given policy 7

cﬁfl = wo+ (14+n)r
Ci = W1 —T¢
p1 = 1
pe U'(wy — 74)
DPt+1 o ﬂU’(wz + (1 + 7’7/)’7',5)
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Therefore the only equilibrium element to determine are the optimal policies.
Given our expectations mechanism for any choice of v = 7**, when would
generation t vote the system 7** down when young? If it does, given the ex-
pectation mechanism, it would not receive bene..ts when old (a newly installed
system would be voted down right away, according to the generations’ expecta-
tion). Hence

V(0,75,1) = V(0,0) = U(wy) + BU (w2)
Voting to keep the system in place yields
V(r**, m5) = V(7)) =U(wr — ) + BU (wg + (1 +n)7™)
and a vote in favor requires
V(r**, ) > V(0,0) (57)

But this is true for all generations, including the ..rst regular generation. Given
the assumption that we are in the Samuelson case with n > 7 there exists a
7** > 0 such that the above inequality holds. Hence the initial old generation
can introduce a positive social security system with 7o = 7** > 0 that is not
voted down by the next generation (and hence by no generation) and creates
positive transfers for itself. Obviously, then, the optimal choice is to maximize
To = 7** subject to (57), and the equilibrium sequence of policies satis..es
7+ = 7 where 7** > 0 satis..es

U(wy, — 7)) + BU (we + (1 + n)7™*) = U(w1) + BU (w2)
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