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Abstract

We consider the problem of the optimal time to purchase a house by a risk-averse investor
who has access to complete financial markets and whose objective is to maximize expected
utility from wealth at some fixed horizon. The house purchase is financially attractive (due
to tax advantages, for example), which provides an incentive to buy as soon as possible;
however, its value is only partially correlated with financial markets and, therefore, house
price risk cannot be perfectly hedged, which provides an incentive to delay purchase. We are
able to fully characterize the problem in the case of CARA utility, so that we can generate
simple numerical solutions for different parameter values, and study the trade-off between
the two conflicting incentives.

Keywords: Stopping Time, Incomplete Markets, Martingale Methods

JEL classification: C61, D81, G11.

*CSU, Department of Mathematics and Statistics, 6000 J St., Sacramento, CA 95819. Ph: (916) 278-6221.
Fax: (916) 278-5586. Email: cetin@csus.edu

TFBE, Marshall School of Business, USC, 3670 Trousdale Parkway-Bridge Hall 308, Los Angeles, CA 90089-
0804. Ph: (213) 740-6538. Fax: (213) 740-6650. E-mail: fzapatero@marshall.usc.edu.



1 Introduction

Although most of the literature on optimal investment strategies at the individual level focuses
on the allocation across different securities, the fact is that the main vehicle to save/invest wealth
for US households is real estate, namely the house where the household will reside.! There are
strong tax incentives for households to purchase a house. The majority of households will
purchase a house at some point, borrowing part of the price through a mortgage. Throughout
the years, a proportion of the regular income of the household will be allocated to the payment
of the mortgage. The equity accumulated in the house will represent savings that can be used to
finance the lifestyle of the parents after retirement: For example, they might move to a smaller
place and monetize part of the equity, or even get a reverse mortgage in the house, to use up
the equity accumulated. In addition, it represents a financial buffer in case of some unforseen
emergency, as sudden unemployment, for example. On the other hand, house ownership involves
financial risks as well. In particular, real estate prices are stochastic and subject to economic
cycles, sometimes with long-lasting negative trends. Furthermore, transaction costs are very high
and fully hedging real estate prices, at least for individual investors, does not seem feasible.?
However, and despite the importance that the house purchase decision has among all economic
decisions of households, the finance literature on optimal investment strategies has traditionally
ignored both the housing purchase decision, and the interaction between ownership of real estate
and optimal portfolio allocation.

In this paper we consider the problem of an agent who has a one-time opportunity, within a
finite time horizon, to buy a house with a stochastic price. The agent starts with a given level of
wealth that can be allocated across different financial securities in a complete financial markets
setting. Besides, the agent has the opportunity to invest part of the wealth in a house, that
we assume to be completely illiquid until the end of the time horizon, and whose prices is only
partially correlated with the stock market, and therefore, wealth invested in the house cannot

be perfectly hedged. On the other hand, there is an incentive to buy the house; in particular,

!That is the case also in other countries, especially developed countries, but the incentives vary, that is why
for motivation purposes we focus our discussion on the US.

2For example, Piazzesi, Schneider and Tuzel (2007) report a very low correlation -0.05- between stock market
returns and returns on a widely used index of house prices.



we assume that the house purchase provides a lump-sum addition to total wealth due to, for
example, the present value of tax benefits. The total value of the incentive is decreasing in time,
which provides an incentive to buy early. However, the illiquid nature of the investment provides
an incentive to delay purchase, until the relative value of the house with respect to accumulated
wealth is not very high. We further assume that the agent cares about utility of final total
(real estate plus financial) wealth. The end of the fixed time horizon might be interpreted as
the time at which the agent decides to retire and/or start consuming the wealth saved in the
house. We study how the decision to purchase depends on different parameter values, especially
risk-aversion of the agent and correlation between the price of the house and the price of the
risky security.

One of the first papers to consider the interaction between housing (or illiquid goods) owner-
ship and other investment decisions is Grossman and Laroque (1990). They derive equilibrium
implications from a representative agent who derives utility from ownership of an illiquid good
(illiquid because its sale involves a transaction cost) and has to decide how to invest the rest
of the wealth, and when to trade this good for another durable good; in their model, the value
of the durable good depreciates at a constant rate. Flavin and Yamashita (2002) extend the
previous model by allowing for consumption of goods other than the durable good and find a
large number of general equilibrium implications. Cocco (2005) calibrates the problem of an
investor who chooses consumption, level of housing and optimal portfolio allocation in a setting
in which house prices, income and security prices are partially correlated; the existence of trans-
action costs makes housing illiquid; house ownership prevents young and poor investors from
participating in equity markets. Cauley, Pavlov and Schwartz (2007) consider the optimal port-
folio allocation problem of an investor who is already a homeowner and find the welfare impact
of the housing constraint. A paper closely related is Miao and Wang (2007), who consider the
optimal purchase decision of an investor who has access to security markets partially correlated
with the price of the asset; the cost of the asset is fixed (as a strike price) but not its price; in
their model, the objective of the investor is to maximize utility from intertemporal consumption
and the asset can be consumed, therefore their problem is tantamount to finding the optimal

exercise policy of the real option. Finally, Tebaldi and Schwartz (2007) solve the problem of



optimal consumption and portfolio allocation when the investor has an illiquid asset.

From a technical standpoint, related papers are Cvitanié¢, Schachermayer and Wang (2001),
and Frei and Schweizer (2008) on expected utility maximization problem of an agent with a
random endowment process in an incomplete market setting; Karatzas and Wang (2001), who
characterize the solution of mixed optimal stopping and control problems (as the one we consider
in this paper); finally, the papers by Brendle and Carmona (2004), and Hugonnier and Morellec
(2007), among others, consider the problem of hedging with incomplete markets.

In this paper, we consider a mixed portfolio allocation and optimal stopping time problem
of a risk-averse investor with a random income and financial wealth in a finite time horizon.
The investor has to decide when to purchase a house that offers an immediate wealth reward,
because it can be purchased at a price lower than its asset value. As in Miao and Wang (2007),
we want to characterize the optimal stopping time at which the house purchase takes place.
Unlike in Miao and Wang (2007), purchase of the house ties a part of the wealth of the investor
in an illiquid asset that only can be partially hedged with the rest of the wealth of the investor
(the financial wealth). More importantly, for the economic problem we consider we need a
finite horizon -unlike Miao and Wang (2007), who assume infinite horizon. This makes our
numerical problem substantially harder to solve. In particular, we are required to use a different
methodology, (martingale duality). Despite market incompleteness -when we take the illiquid
nature of the house into consideration-, we are able to provide a semi-analytic characterization
of the optimal stopping time, perform numerical exercises through simulations and study the
comparative statics of the problem.

The paper is structured as follows: In section 2 we describe our model; in section 3 we find
the optimal portfolio allocation strategy and characterize the optimal stopping time; section 4
is devoted to a numerical application; in section 5 we consider the problem of selling the house

and buying another one; we close the paper with some conclusions.

2 The Model

Let W = [W!  W? be a two dimensional standard Brownian motion process, and let the

o-algebras f, f! and F? be the usual augmented filtrations generated by W, W' and W?2,



respectively. All the model parameters are assumed to be adapted to F ! on a probability space
(2, F,P). The set of square-integrable, f '-adapted processes over an interval [s,#], will be
denoted by LQFl[s,t]. Similarly, the space of square-integrable random variables that are F IT—
measurable will be denoted by LQPT (P). Our model consists of a (locally) risk-free asset with
price Sy, a risky stock S that represents the market portfolio, and a real estate investment

(house) opportunity H. The details are given below:

e Risk-free asset: %(t) = r(t)dt, where the risk-free rate r(¢) is adapted to f .

e Stock price dynamics: %(t) = pu(t)dt + o(t)dW (t), where —1 < p < 1, p (instantenous

rate of return) and o (volatility) are both adapted to F !, and W = pW! + /1 — p2W? is

a Brownian motion process with respect to the filtration F .
e Financial wealth: With X (0) = ¢, the dynamics of the financial wealth process is

dX = W% + (X —W)%Sb + Idt = [n(p —7) + rX + I]dt + TodW, (2.1)
0

where 7 is the amount of the wealth invested in the risky asset and I is the net (of the

consumption) income rate of the investor, which is also adapted to the filtration /! and

T
) T k [1I(u)|du

satisfies [ [I(u)|du < oo, a.s (almost surely) and Ele 0 ] < o0, VE > 0.

0

e House price dynamics: The price of the house in the market satisfies

U
T
I

H{p"dt + o aw?|

H(0) = ho>0,

with coefficients uff and o essentially bounded and adapted to 1.3

e We assume that the parameters p and !’ are (essentially) bounded.

3Therefore, the coefficient p represents the correlation between the stock price process and the house price
process. We assume they are less than perfectly correlated, as documented in the literature. As stated in the
introduction, Piazzesi, Schneider and Tuzel (2007) report a correlation of only 0.05 between stock market returns
and returns on a widely used index of house prices.



e We also assume that the volatility processes ¢ and o' are square-integrable (in L?(P)

sense) and uniformly non-degenerate on [0,77], a.s.

e At some optimal time 7, 0 < 7 < T, the investor decides to buy the house whose price
is H(7); however we assume that the investor will only have to pay an amount §H (1) so
that X (7) = X(7—) —dH (7). If 0 < §(7) < 1, the difference term (1 —0)H (1) accounts for
the monetary value of the utility the investor derives from owning a house (including the
value of tax and rent savings) at time ¢t = 7. Alternatively, if buying and holding the house
become more costly (e.g. higher insurance and property tax payments than tax savings,
high renovation costs or lack of utility due to construction, noise, etc.) for some t = 7,
then 6(7) > 1, and (1 — §)H (7) would represent the monetary value of the disutility from

buying the house. Therefore, the total terminal wealth X™(T') + H(T) can be written as

T
dw?
X(T)+H(7‘)+[W(u—r)+7“X+I+H;LH]dt+/[7rpa—|—HUH TV 1 — p?o] , (2.2)
dW?

T

for any admissible portfolio 7. We denote by Y the wealth of the investor, that is, X + H

after 7 and X up to then.

e The objective of the investor is to maximize expected utility from the total terminal wealth:
E[u(Y (T))], where u(z) is the exponential utility function: u(z) = —e™7*. We interpret
T as the time at which the agent will start using the wealth accumulated because of,
for example, retirement. The monetization of the wealth invested in the house can take
place through a sale or through other possible strategies, like reverse mortgages. For our
purposes, we do not need to specify what happens after T, and it is enough to assume that
at T the agent cares about the total value of wealth (financial and in real estate) and is

risk-averse about it.

We discuss the solution to this problem in the next section.



3 Optimal Strategies

For 0 < s <t < T, we define the set of admissible portfolio processes by U(s,t) = {m € LZF[S, t] :
the equation (2.1) has a unique solution X™ € L} [s,t]}. Then the objective is to maximize
E[—e="Y )] over all admissible pairs (,7) where 7 is a stopping time with values between 0
and T, and is adapted to the filtration F . For each time t between 0 and T, the investor has
an option to buy the house (the stopping time) so that the event {7 < ¢} holds, or wait and
buy it at a future date, hoping that the expected utility will be higher. To make a decision, the
investor should take the expected value of all the future scenarios into account. Assume that
the current time is ¢t = 0. We solve the investor’s problem in a few steps: If 7 is a candidate

stopping time to purchase the house, we first solve the portfolio allocation problem

VT = sup ETT[—e YD), (3.1)
wel(r,T)

after buying the house, where E7"[-] is the conditional expectation operator given F,, with
X (7) = x. After that, we solve for the optimal portfolio before buying the house (before 7). Let

V7™ denote the corresponding objective (or reward) function. Then V7 satisfies

Vi= sup E[VX(M]= sup E[—e Y1), (3.2)
weU(0,1) wel(0,T)
X(r)=X(r—)—0H(T)

for fixed 7. At this stage, we can identify the best financial market allocation strategy and the
resulting expected final utility for each stopping rule. The last part is then to decide which
7 actually maximizes the objective function V7. The value function for the problem is then

V = sup V7, over all admissible 7.
0<r<T

3.1 Optimal Portfolio After Buying the House

In this section, we fix 7 € [0,7") and solve the optimization problem (3.1) with initial condition
X(7) = z. For simplicity of the presentation, and of the proofs, we will assume that r = 0,

however the results can be easily extended to the non-zero case by replacing pu(-) with (u—7)(-),
t

— [r(s)ds

the wealth process X™%(t) with the discounted process X™*(t) = X™*(t)e + , and the



processes I and 7 with their discounted versions I and 7, as long as r(-) is (essentially) bounded
and adapted to f 1.
We first introduce the following auxiliary process which is going to be fundamental for the

characterization of the optimal portfolios:

t t t
—a[H )+ [ I(u)du]— [ b(w)dW? (u)— [ c(u)du
l(s,t)=¢ { { { , T<s<t<T, (3.3)

where the parameters a, b(-) and c(-) are a = (1 — p?),b(t) = £2(t) and c(t) = %(t)

Lemma 1. The random variable [(0,T) satisfies:
(i) 1(0,T) € L}, (P), for any p > 1.

(ii) In particular, 1(0,T) is square-integrable and E[1?] < Me*MTU+2M) for some M > 0.

T
pa [ |I(u)|du
Proof. Let p < 1 be fixed and M be an upper bound fore © and the (essentially) bounded

processes |b(t)| and |c(t)| over the interval [0, T]. By writing the random variable 1(0,7") as

T T T )
—aH(T) *[Of aI(u)du}Jrof c(u)du]efofb(u)dw (u)

l=¢e e

and noting that 0 < a <, H(.) > 0 and hence ‘e‘paH(T)‘ <1 a.s. for any p > 1, we get

T T T
—pl[ al(u)du] "e(u)du) — [ pb(u)dW1(u)
B < Ble 151 e 1" ] (3.4)

All of the three expected values on the right-hand side of the equation (3.4) exist and are finite:
The first and second expressions are bounded by M and e?MT'| respectively. Since b is bounded,

the third expression satisfies the Novikov condition and is also finite:

T T
— [ pb(w)dW(u 262 (u)du
ple (PO [P0 e

Combining these bounds, we obtain E[IP] < MePMT+PM) Part (ii) follows with p = 2. O



Lemma 2. There exists a process ¢ € L2F1 [1,T) such that

T T T
— [ @-v@awto + [Glowr - o - w BT - [ Iwdu, as. (35)

Proof. By It6’s Representation Theorem and Lemma 1, there is a (unique) progressively mea-

surable process ¢ such that

I(1,T) = E;[I(7,T)] exp(— /¢> YAW? (u /\¢ )|*du).

Then, by taking the natural logarithm of both sides and using the equation (3.3), we get

mE[i(r,T) = lnl(r,T /¢ YdW( /|¢ )|?du
T
- —a[H<T>+/<> ]+ /<¢ b)( +/|¢|2—c du
After rearranging the integrals and solving for H, the result follows. O
We claim that the optimal portfolio on [r,T] is given by
NN et i Gl ) p—pod
() E () = 5 5 (1) (3.6)

V02 (1= p?o

which is a square-integrable process thanks to the assumptions on the parameters and Lemma

1. To this end, we define the following processes:

Definition 1. Let 7* be as in (3.6). Then

t

Z(r,t) & exp(—/aZdW(u) - ;/|JZ(U)|2du), t<7<T

T



1s the exponential martingale process after buying the house where

2, %

o7 L [021 UZ2] 2 [M — (1= pY)o*n 'ygmﬂ*]. (3.7)

po

We also introduce the expected value operator E under the equivalent probability measure P that

is defined as P(A) & E[14Z(T)] for any event A € F .

Lemma 3. Let 0 < 7 < T be given and X (1) = x be fized. Then, all of the following hold:

(i) The process {Z(r,t), 7 <t < T} is a martingale under P

(ii) The process {W(t), 7 < t < T} with W (t) = W(t) + fa u)du is a Brownian motion
under P

¢
(iii) X™(t) — [ I(u)du, with T <t < T, is a martingale under P for any admissible portfolio

t
process . In particular, ET*[X™(t) — [ I(u)du] = z, for any 7 <t < T.
T

Proof. (i)-(ii) The diffusion coefficient 0% is a square integrable process as a linear function of
7* (3.7). Hence the proofs follow from the dynamics of Z and Girsanov theorem.

(iii) By It6’s rule,

d(XZ) = Zrpo — 01X wo\/1— p? — 022 X|dW + Zz|p — poo?t — o\/1 — p20??|dt + ZIdt

where the drift term [u — poo?! — /1 — p200?2] vanishes by (3.7). Then, it is easy to see that

X(t)Z(r,t) — /Z(T, w)l(u)du = x + /Z(T, w)[rpo — o1 X wo/1— p? — o Z2X](u)dW (u)

is a square integrable martingale with

/I = ED*[X(t )Z(T,t)—/Z(T,U)I(U)d’LL] =z, 7<t<T.



Lemma 4. Let m* be as in (3.6) for a given 7 € [0,T). Then we have

X" (T)+H(T)=X(r) - InE [I(r,T)] — ian(T, T), a.s. (3.8)

(1 —p?)
Proof. Let the parameters a, b(.) and ¢(.) be as before. By equation (2.1) and Lemma 2,
X™(T) + H(T) can be written as

T T

X(T)_lnET[l(TvT)] +/[¢a_b+ﬂ*pg aﬁ*ﬂ]dW-l-/(l(bQ—c‘f‘ﬂﬂ'*)dt

a 2a a

T T
which is equivalent to the right hand side of (3.8) if and only if
T T T
%]

T
—b 22 1
/[¢a + 7" po 0'77*\/1—,L)Q]alVV+/(qj 0 c—l—,tm*)dt: 7{/[0Z1 O‘ZQ]dW—F/?

T T

du}.

T

(3.9)
" o p,—’y(l—p2)o'27r* . . . . .
Writing ¢ = =———"—=—— from (3.6), using (3.7) and comparing the drift and diffusion terms

in both sides of the equation (3.9), the result follows. O

Theorem 1. The value function V™% of the optimization problem (3.1) is given by

T
—~v(z4+EI*[H(T)+ [ I(w)du))—ED%[In Z(r,T)) 1
V= —e ! = —e (B [l(r, T)]) -, (3.10)

for fized (1,2), with 0 < 7 < T and x > 0. Moreover, 7*(t) = 7(’{:72‘27%2(16), T<t<T, s an

optimal portfolio for this problem.

T
Proof. After subtracting [ I(u)du from both sides of the equation (3.8), multiplying both sides
T

by —~, and applying the martingale property in Lemma 3 (iii) , we obtain

In E,[I(7,T)] + EX*[In Z(7,T)). (3.11)

T
BT H(T) + / Iu)du) = =

10



Hence, for any m € U(1,T), by a change of measure and Jensen’s inequality,

Ere[eWXTOHHD)] el (XT@)HHD)-n (1))

> o ERTXT (D)4 H (D))~ BF [in Z(r.T))

~ T ~ ~
—y(z+E7[H(T)+ [ I(u)du))—E7"[In Z(7,T))
= (&4 T

—ya+ s In B [I(1,T)]
= e 1—p N

1
so that V7% < —e™ " E [I(1,T)]t-»*, Vm € U(7,T). On the other hand, this upper bound is

attained with 7 = 7*: Applying Lemma 3 with X (7) =  and noting that EI"T[Z(T, 7)) =1,

Ere[—e X7 (OHHD)] = _pro s BT 7 gy,

— e R [L(r, T)| =R BT, T)]

1

= —e B [I(r,T)]T .

O]

Corollary 1. Assume that all the model parameters are deterministic. Then the process ¢ in

the representation of the optimal portfolio ™ (t) = 7(’{:7’;%(1;2(15) is given by
T
o(t) = acl () E[I(t, T)H(T)] + aE4[l(t,T) /Dtl(u)du] + () Ex[l(t, T)]. (3.12)

t

Moreover, if the income rate process I is also deterministic, then
6(t) = ao™ (O EL(t, T H(T)] + b(t) Ey[1(¢, T)). (3.13)

Proof. The random variable [(7,T) can be written as

T
(7, T)=El(r,T)] — /Z(T, u)gi)(u)dWl(u) (3.14)

11



where, by the Clark-Ocone formula,
_l(7—7 t)¢(t) = E; [Dtl(Tv T)]v (315)

and D is the Malliavin derivative operator with respect to W1'. When the parameters are
deterministic, Dyl(7,T) can be computed as
T

DUT) = U T){—ac (®)H(T) — aD; / T(u)du — b(t)}

T
T

= —U(r,T){ac™ (t)H(T) + / Dyl (u)du + b(t)}.

Then, the result follows from (3.15). When () is deterministic, the Malliavin derivatives vanish

and we get (3.13). O

Remark 1. The conditional expectations on the right-hand side of (3.12) cannot be solved
explicitly but could be approximated numerically thanks to the conditional Gaussian distribution
of time-discretized processes l(t;, tix1) and l(t;, tiy1)H (tiv1) over a partition {T =1ty < t; < ... <

tn, =T} of [1,T].

3.2 Optimal Portfolio Before Buying the House

Now, we are going to discuss the optimization problem (3.2) of finding an optimal portfolio
7* € U(0,7) for a fixed stopping time 7. Assuming that X = X7 is the optimal process after

7, by Theorem 1 we have that:

VT o= sup E[VXT)]
TeU(0,7)
™ 1 _1In -
= )E[—e‘”X (M) I B L) (3.16)
TE ,T
=  sup E[_e—v{Xﬂ(T,)—aH(T)}+17102 lnET[l(7—7T)]]
weU(0,1)

12



where [(7,T) is related to H(T') through the equations (3.8) and (3.11). Moreover, V" can be

written as

VT — sup E[_effy{Xﬂ (7)76H(T)7% In E; [l(T,T)}}] (317)
TeU(0,7)

after replacing X™(7_) with X™(7) (with an abuse of the notation), for simplicity.

Remark 2. Note that the expression yvdH (1) + #ln E[I(r,T)] in (3.16) is F '-measurable
and, therefore, the stochastic optimization problem before T can be solved using an approach like

the one we used in the previous subsection.

Notation 1. We introduce the following processes:

-l
~—~
\]
S—

I3

_SH(r) - 2111 B (7, T)] (3.18)

—a[D(7)+ [ I(w)du]— [ bu)dW (w)— [ c(u)du
0 0 0

=
S
-y
I3

e

for T €10,T), where a,b and c are as before.

Lemma 5. Let 7 € [0,T) be given. Then there exists a process i € L2F1 [0, 7] such that D(T)
can be written as

T T T

D(7) + /I(u)du = i{/(w —b)(t)dW! + /(;W —¢)(t)dt —In E[M(7)]}. (3.19)

0 0 0

Proof. By Itd’s representation theorem, the process M (7) can be written as

T

M(r) = EM @] expl~ [ waW () -5 [ 10w Pdu),
0

0

for some 1 € LQF1 [0, 7]. The rest is similar to the proof of Lemma 2. O

Definition 2. Let 1 and ©* be as in Lemma 5 and (3.6), respectively. We then extend the

definitions of the portfolio and exponential martingale processes in the previous subsection as

13



follows:

>
—~
~
S~—
(1>

Z(s,) 2 exp(— / aZdW(u)—% / 107 |2du)

for 0 <t < T where

oZ = [021 Ozz]é[ﬂ—’Y(lp;P2)U2ﬁ ~ /71_[)207%]
m(t) & AL (3.20)

In particular, when s = 0 we write Z(0,t) = Z(t).

Corollary 2. When all the model parameters are deterministic, the process v in the repre-

sentation of the optimal portfolio m.(t) = %(t) is given by Y(t) = —E DM (T]/M(t),

where

_ DE((rT)] [
E,[D;M(7] = E;[M(7)(adc™ (t)H(7) + AT a/DtI(u)du —b(t))]. (3.21)

t
Proof. Again, by the Clark-Ocone formula, 1(t) = —E[D; M (7]/M (t) and

—ED,M(r] = aE,[M(r)(D,D(r) + D, / I(u)du + b(t))] (3.22)
0

= B M(7) (=60 (t)H(T) — W + / Dyl (u)du + b(t))].

Lemma 6. Let w, be as in (3.20), and X™(0) = x¢. Then, we have

I E[M(r)] = ~1n Z(7).

X™(1=) + D(1) :wo_ify(l—pz) S

14



Proof. Using Lemma 5 and the notation of Definition 2, the proof is similar to that of Lemma

4. O
Proposition 1. For any admissible 7, the value function V7 is given by

—y(z0+E ({T (w)dutB[D(7)))—E[ln Z(7)]

Vvl = —e (3.23)

1

= —e O(E[M(r)])1-2, (3.24)

and ., given in (3.20), is an optimal portfolio in U(0,T) before buying the house.

Proof. By (3.16) and (3.18), we get

VT = sup E[-e YXT(-)+D(1))]
weU(0,7)
for which the right hand-side of (3.23) is obtained as an upper bound thanks to the martingale

t
property of X (t) — [ I(u)du and Jensen’s inequality :
0
E[-e " XT@IHDON] = _f[ e YXT(T)+D(T)-InZ(7))
< e VEIXT(r)+D(m)]-Eln Z()]

—w(xo+E~';f—I(u)du—‘,—E[D(r)])—E[ln Z(r)]
= —e

for any m € U(0, 7). From Lemma 6, we get

(B / I(u)du + E[D(7))) ~ Eln Z(7)] = 5
0

1

which gives the equality (3.24). Moreover, when m = m,, this upper bound —e~7*0(E[M(7)])1-¢

2

is obtained by Lemma 6. O
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Corollary 3. For each T € [0,T],

sup Ele V"M = vy
meU(0,T)
X(1)=X(r—)—6H(T)

= —e(EM ()

with optimal portfolio 7(t), as in Definition 2.

Proof. For any 7 € U(0,T),

E[—e 7Y ()] —E[B, [e X" (D) —yH(T)-In Z(T,T)”

< _E[e_’Y(XW(T*)_5H(T))+ﬁ lnET[l(TvT)]]
= e X" ()+D(M))-In Z(n)]
_ _e—v(a:o-l-f?b}—I(u)du—i—E[D(T)])—E[lnZ(T)] _ ot 1_1,,2 In E[M(7)]
which is clearly achieved by the portfolio 7 (¢). O

3.3 Optimal Stopping Time

Then, the last part of this optimization problem is to solve the optimal stopping time problem:

V. = sup V'
0<7<T
1
— —e 770 1 1—p2
e 0§11T1£T(E[M(7-)]) 2 (3.25)

which does not have an explicit analytical solution. However, we can simplify this problem,
1

thanks to the monotonicity of the function f(u) = u'-+*, for any fixed p € (—1,1).

Notation 2. For simplicity, we will consider the following Gaussian process for the net income

rate: I(t) = p!(t) + bfal(u)dW(u).

Corollary 4. Assume all the model parameters u,o, p .0, u! and o are deterministic and
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let v >0 and —1 < p < 1 be fized. Then the optimal time T of (3.25) minimizes

T T
aldH(t)—H(T)—[ I(u b(u)dW 1 (u)— [ c(u)du
e Jreal-[oavco-f (3.26)
1
Proof. If 7* is optimal, it minimizes (E[M(7)])1-#* or equivalently E[M (7)] where
[ (SH () L n Bl T (u)du)— | b(a)dW () | ()
EM(r)] = E |e =) J =] of
[ a(6H(T)— TI Tb YAW L (u)— [ c(u)du
B R R L
- T T
al§H(t)—H(T)— [ I(u)du]— fb VAW (w)— [ e(u)du
= F|e 0 0
O

Remark 3. The expression in (3.26) cannot be evaluated analytically, even with the determinis-
tic model parameters, since H(.) is lognormally distributed. However, when §(T) =1 (meaning
that there is no additional benefit in buying the house at date T) and 7* = T, this expression,
and hence the value function, can be computed explicitly. We will call the corresponding value
function (respectively, wealth) reservation utility (respectively, wealth) of the investor when

Tr=T:

Definition 3. If the investor does not buy the house until date T so that 7* =T, then V =V7T
1s called the reservation utility of the investor, and the corresponding wealth process is called

the reservation wealth.

Corollary 5. Assume that all the model parameters i, o, p™' o™, ! and o are constant, v > 0
is fired and 6(T') = 1. Then

(a) The reservation utility is given by

V = e @ortu T EZ T - LT L2 (1= 2) (0T (3.27)

(b) Assume that the value function in (3.27) is the reservation utility (1% =T) for all p,—1 <
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p < 1, and let the function f(p) be defined by (3.27), for —1 < p < 1. Then, the mazimum of
f is always attained at p = —1, and the minimum value of f occurs at p, = min(1, %w%) In
particular, when %W% > 1, the function f(p) is strictly decreasing.

Proof. (a) To simplify the notation, write W = W!. Then, the exponent of the expression in

(3.26) with deterministic parameters becomes

T T T T
—a [ I(w)du — [ b(w)dW (u) — [ c(w)du = —a(p'T+ [ oW (t)dt) — bW (T) — T
[ e [rarta| /
T
= —(ap’ + )T = (ac'T + bYW (T) + ao’ / tdW (t)
0

which has a Gaussian distribution with mean —(au! +¢)T and variance $a?(o!)2T3 + abo! T2 +

bT2. Then, the expectation in (3.26) is equivalent to

T
T (T I 2 ) 2 I
(ap’ +c)T—(ac" T+b)W (T')+ac OftdW(t) 7(17p2)[ﬂml+2;;2}T+é72(17p2)2(01)2T3+W(l—p%)wm T2

Ele |=e

By simplifying this expression, raising it to the power ﬁ and multiplying by —e™7%0, the
result follows.
(b) It follows from the ”first derivative test” on closed intervals by noting that %W% is the

only critical point and f(—1) > f(1). O

Remark 4. Although the expression (3.27) is easy to analyze as a function of only one variable,
1t may be quite complicated when many parameters are analyzed simultaneously, since the strict

continuation region (7% =T ) should be identified for each combination of such parameters.

Equation (3.26) allows us to easily compute the value function, using standard Monte Carlo
simulation methods: Given a time horizon 7" and some numerical values for the parameters of
the model, we consider a grid of (deterministic) points in the interval [0,7] and numerically
compute the expectation of (3.25) via (3.26) for each point in the grid; the minimum of (3.26)
across all points in the grid is obtained at an approximate optimal stopping time 7%, and the

corresponding expression in (3.26) is an approximation to our value function V. We use the
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simple expression in (3.26) to study the optimal decision to purchase. That is the objective of

the next section.

4 Decision to Purchase

The objective of this section is to study the decision to purchase the house and perform com-
parative statics exercises. Our analysis is based on the numerical tractability of (3.26) that
we discussed in the previous section. As we explained in the previous section, given a set of
parameter values of the model, it is straightforward to compute numerically the expectation of
the right hand side of (3.26) for a given 7 (of course, 7 is a stopping time, but here we take it
as fixed to determine whether it is optimal to purchase the house immediately or not). More
explicitly, we compute such an expectation for a grid of values of 7 in the interval [0, 7] : When
the highest value of the expectation corresponds to 7 = 0, it is optimal to exercise immediately.
Using this algorithm, we would like to characterize the set of parameter values of the model for
which the point of the grid corresponding to the minimum value of the expectation in the right
hand side of (3.26) is 7 = 0. The continuation region is characterized by parameter values for
which the value of 7 that minimizes the expectation in the right hand side of (3.26) is 7 > 0
(random in general). In order to provide intuition about the problem, we will compute and study
all the approximate values of 7 that minimize the right hand side of (3.26). In an abuse of the
terminology, in the rest of this section, we will call the values of 7 that minimize the right hand
side of (3.26) optimal investment time (even if 7 > 0, although the only case in which it is the
optimal investment time is when 7 = 0). Also, we will compute the right hand side of (3.26) for

different values of 7 and we will call the resulting value expected terminal utility.

Remark 5. Obviously, in our computation of the right hand side of (3.26) we only take into
consideration information available at t = 0. At every point t we will need to compute the right
hand side of (3.26) with the existing information to determine in similar fashion as just described
whether it is optimal to exercise or not. What we call “optimal investment time” att = 0 might
not be the stopping time when we reach that point (if the stopping time has not arrived before),

unless it is T = 0.
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We want to study the optimal decision to exercise as a function of two parameters, the coef-
ficient of risk aversion « and the correlation p between the house and the stock price processes.
We use the following parameter values, u = .11, 0 = .26, u/ = .05,0% = .11,T = 2.5 (in years).
In addition,

5(t) = .8+ .08t

and

I(t) =.35+.04W(t), 0 <t <T. (4.1)

When we study the optimal purchase decision as a function of the coefficient of risk-aversion
v, we use as value of the correlation coefficient p = 0.1. When we study the optimal purchase
decision as a function of the correlation coefficient p we use v = 2,4 and 7 as values of the

coefficient of risk-aversion.

Remark 6. Intuitively, the relevant variable to decide whether the house should be purchased or
not is the ratio of the value of the house H to current wealth, X. We denote this ratio by h/x.
In the two cases we consider next, we will study values of the ratio h/x at which it is optimal
to immediately purchase the house as a function of the coefficient of risk aversion v and the
correlation coefficient p, respectively. We denote (h/x), the value of the ratio that separates the
stopping region (buy the house now) from the continuation region. To provide further intuition,
we also compute and plot the value of the ratio for which the value of T that minimizes the right

hand side of (3.26) is T. We denote (h/x)* the value of the ratio for which T =T.

Case 1. In figure 1, we plot the set of values of v for which it is optimal to purchase the
house as a function of the ratio h/x. (h/x)«, as explained in remark 6, separates the stopping
region (values of h/x such that h/x < (h/x)«) from the continuation region (values of h/x such
that h/x > (h/x)«). We also plot (h/x)*, described in remark 6. Points between (h/x). and
(h/x)* are values of h/X for which the value of T that minimizes the right hand side of (3.26)
is 0 <7 <T. As we see, (h/x), is decreasing with the degree of risk aversion: everything else
equal, a more risk averse investor will buy the house at a lower price. We also observe that for
a degree of risk-aversion of about v = 6.8 there is a kink and (h/x). becomes more convex than

(h/x)*. This is due to the shape of the function of equation (3.26). In figure 2, we plot the
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negative of the right hand side of (3.26) for different values of h/x, as a function of potential
purchase times T when v = 6 (expected terminal utility, as described at the beginning of this
section). As we can see, it reaches its mazimum at T = T for high values of h/xz, but as we
consider lower values of h/x, the maximum jumps to T = 0. However, in figure 3, for v = 7.5,
the negative of the expected terminal utility reaches a maximum at T =T for high values of h/z,
but as it decreases, the maximum is strictly between O and T. The value v = 6.8 is the point at

which the change of shape of the function takes place.

Case 2. We consider now the optimal purchase as a function of the correlation between the
price of the house and the stock market. The relationship between the value function V' (or the
objective function V™ for a fived 7) and the correlation coefficient p changes for different degrees
of risk aversion 7y, as illustrated in figure 4. It is clear from the plots that the value function is
not a monotone function of p, in general. However, it is strictly decreasing on a range between
—1 and a positive number, similar to the reservation value function which is strictly decreasing
between —1 and py (see Corollary 5). The value function is maximized at p = —1, which implies
market completeness.

Moreover, the investment boundary is analyzed as a function of p in figure 5 (with v = 7).
The optimal price to purchase the house for a given level of wealth is in general increasing with
the absolute value of the correlation coefficient. The graph is not completely symmetric because
the expected return on the stock is higher than the expected return on the house, therefore there

s a cost in shorting the stock to hedge part of the price of the house.

5 The Case in which a House is Traded for Another

Now, we assume that the investor’s problem involves selling his current house at the time of

buying a new one where the dynamics of the cash value of the old house satisfies

dK = K[pfdt +o%awl]

K(0) = ko>0.
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Hence the value matching condition at ¢ = 7 becomes X (7) = X (7_) — dH(7) + K(7). Using

the notation of the previous sections, we also introduce the following random variable:

Notation 3. For 7 € [0,T) fized, define:

—a[D()+K (7)+ [ T(u)du]— [ b(w)dW (u)— [ c(u)du
N(r) 2 M(r)e KM = ¢ Of Of Of

Proposition 2. Assume that all the model parameters are deterministic. Then for a fized

T€10,7T),
yrXT(r) _e—WX”(T)JrﬁlnEr[l(ﬂT)}
and
VT =  sup E[VTX()
weU(0,7)

1

= (BN,
Moreover, the optimal portfolio (t) is given by

ool () 0 <t

#(t) = 7(1—p?)o? <T
ﬁg%;m,rgth
where )(t) = —E,[D,N(7]/N(t).
Proof. Similar to the ones in the previous section. O

Corollary 6. For v > 0 fized, the optimal time 7 = sup V7 for the extended problem mini-
0<r<T

mizes
T T T
a(éH(T)fK(‘r)fg I(u)dufH(T))fg b(w)dW (u)— [ c(u)du

Ele 0 -

Remark 7. The extension above can be replaced by or combined with a random endowment
(e.g. a lump sum amount at the time of retirement) at t = T, provided that it is adapted to the
filtration [ only. Again, for more general processes, an optimal portfolio is not guaranteed to

exist and we can only get an upper bound for the value function.
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6 Conclusions

In this paper we are interested on the house purchase decision and its interaction with optimal
portfolio allocation.

From a financial standpoint, home ownership involves a trade-off: On one hand it provides
some financial advantages, due to savings in rent and/or tax incentives; on the other hand, it
locks a sizable proportion of the wealth of the investor in an illiquid security; arguably, even if
the investor has perfect access to financial markets and unlimited borrowing possibilities, it is
not possible to fully hedge the house price risk which will be, at best, partially -but not fully-
correlated with financial markets.

We consider the problem of a risk-averse investor who maximizes expected utility from final
wealth and faces that trade-off. Final wealth here represents the value of the total savings of
agents at a time -like retirement- at which they might want to start using up those savings
for the rest of their lives -which we do not model here. For CARA utility, we compute the
optimal investment strategy before and after the purchase decision, and then characterize the
optimal stopping time. Our results allow us to perform numerical exercises to study the effect of
different parameter values on the optimal acquisition policy, as well as on the optimal investment
strategy. For example, the higher the risk-aversion the earlier (that is, the lower price at which)
the investor buys the house. We also study the effect of the correlation between stocks and the

house price on the purchase decision.
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The upper and lower frontier curves

\ \ \
3.5
(hix),
3 L N e (hlx)*
2.5
(7]
° oL
E
X
=
1.5+
t*=0: This region below the frontier curves
is the stopping region (buy the house)
1 . N
0.5 1* is random (between 0 and T)
0 \ \ \ \ \ \ \

3 4 5 6 7 8 9
y, therisk aversion parameter

Figure 1: For a certain range of relatively lower risk aversion values (e.g. when v < 6.8), the
optimal real estate investment time shifts from 7* = 0 to 7% = T instantly at the boundary h/x
values where two frontier curves coincide. At higher risk aversion levels, this transition becomes

rather gradual.
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x10™

The expected terminal utility curves with lower risk aversion

V' (x), the expected utility function

===h/x=1.1
sescces h/x=1.2
hix=1.3

1.5
1, time of house purchase

Figure 2: When the risk aversion parameter v is below 6.8, this figure is a typical graph of the
expected utility of the investor’s total terminal wealth. The optimal investment time occurs
either at 7" = 0 or at 7" = 2.5 (for relatively higher h/x ratios). The risk aversion parameter

~v = 6 is used to plot the figure.
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< 10" The expected terminal utilitywith higher risk aversion
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1, time of house purchase

Figure 3: When the risk aversion is relatively high, e.g. if v is above 6.8, this is a typical graph of
the expected terminal utility of wealth (the parameter value v = 7.5 is used here). The optimal
investment time is 7% = 0 for low h/x ratios (e.g. when h/x < 0.8); it is between 0 and T for
relatively moderate h/z ratios (e.g. for 0.8, 0.9 above); and finally 7* = 2.5 for higher h/x ratios
(e.g. h/z is 1 or larger).
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Value function, V(0,x)

x10°

The value function versus the correlation coefficient for different risk aversion levels

—_—

-12

0.4 0.6 08

-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

p, the correlation coefficient

Figure 4: All the value functions are computed at the h/x ratio 1 and at 7 = 0 which is the
optimal time to buy the house (for 4 = 7 in the third panel, the optimal time is slightly positive
but the corresponding difference is negligible). The value function is not monotone in p and is

larger when the correlation is negative.
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The frontier curves based on the correlation coefficient
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Figure 5: The boundary h/x ratios form concave frontier curves as functions of the correlation
coefficient p. The upper and the lower curves coincide except on a range of low positive p values.
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